We present new observational data for selected main-belt asteroids of different compositional types. The detailed magnitude-phase dependences including small phase angles ( o1°) were obtained for these asteroids, namely: (10) Hygiea (down to the phase angle of 0.3°, C-type), (176) Iduna (0.2°, G-type), (214) Aschera (0.2°, E-type), (218) (1279) Uganda (0.5°, E-type). For several asteroids, the dependences of brightness on the phase angle were investigated in the BVRI bands. We found a great diversity in the opposition-effect behavior both in the magnitude and the width of the opposition surges, especially for low-albedo asteroids. Some low-albedo asteroids (e.g., (10) Hygiea) display a broad opposition effect with an amplitude of 0.15-0.20 mag relative to the extrapolation of the linear part of the phase curve. Other asteroids (e.g., (596) Scheila, (1021) Flammario) show linear magnitude-phase dependences down to small phase angles (0.1-0.2°). Using numerous data sets on the magnitude-phase dependences with extensive phase-angle coverage, we examined in more detail the new threeparameter H, G 1 , G 2 magnitude system. We determined the values of the G 1 and G 2 parameters for magnitude phase dependences of individual asteroids and obtained the average parameters for main asteroid compositional types. The values obtained can be used for the estimation of the absolute magnitude of an asteroid from a single observed magnitude when the magnitude-phase dependency is unknown and/or to calculate a visible magnitude for the ephemerides.
The present work is a continuation of the observational program devoted to the investigation of the brightness behavior of different types of asteroids in a wide range of phase angles including small phase angles ( o1°; Shevchenko et al., 1997 Shevchenko et al., , 2002 Shevchenko et al., , 2008 . Knowledge of phase dependences is needed for understanding the mechanisms of light scattering for the surfaces of atmosphereless bodies, testing different light-scattering models, examining approximating functions that are used for an ephemeris provision, reconstruction of shape and size of the asteroids selected for space missions, and classification of asteroids by types (Belskaya and Shevchenko, 2000) . Here we present new observational data for 12 main-belt asteroids of different compositional types, namely: (10) Hygiea (down to the phase angle of 0.3°, C-type), (176) Iduna (0.2°, G-type), (214) Aschera (0.2°, E-type), (218) Bianca (0.3°, S-type), (250) Bettina (0.3°, M-type), (419) Aurelia (0.1°, F-type), (596) Scheila (0.2°, D-type), (635) Vundtia (0.2°, B-type), (671) Carnegia (0.2°, P-type), (717) Wisibada (0.1°, T-type), (1021) Flammario (0.6°, B-type), and (1279) Uganda (0.5°, E-type). For nine of them, we have obtained the magnitude-phase relations in four BVRI standard bands for studying the opposition effect (OE) behavior with wavelength. These data are presented in Section 1. Aspect data and measured magnitudes and colors of the observed asteroids. The columns present the date of observation, ecliptic coordinates at epoch 2000.0, the distance from the asteroid to the Sun and to the Earth (in AU), the phase angle, the reduced magnitudes corrected for distances from the Earth and the Sun and corresponding to the primary maxima of the asteroid lightcurves, and their errors. In Section 2, we have used the new H, G 1 , G 2 magnitude phase function (Muinonen et al., 2010) for the approximation of the magnitude-phase relations of observed asteroids and determined the parameters in all observed bands. The H, G 1 , G 2 function was proposed by Muinonen et al. (2010) as the new magnitude system for asteroids, replacing the previously adopted H, G phase function (Bowell et al., 1989) . Since the H, G phase function cannot accurately fit the phase curves of low-albedo and high-albedo asteroids (Belskaya and Shevchenko, 2000) , the Division III of Commission 15 of IAU in August 2012 introduced a new magnitude system for asteroids. In this case, the reduced observed magnitudes V(α) can be obtained from
where Φ 1 (0)¼ Φ 2 (0)¼Φ 3 (0) ¼1. The absolute magnitude H and the coefficients G 1 and G 2 are
The coefficients a 1 , a 2 , and a 3 can be estimated from the observations using the linear least-squares method in the flux value space 10 À 0.4V(α) . The basis functions Φ 1 (α), Φ 2 (α), Φ 3 (α) are defined with cubic splines, a linear relation, or with a constant value, depending on the value of α. With linear least-squares fit, however, the possible values for coefficients, and thus for H, G 1 , and G 2 , are not limited in any way. Penttilä et al. (2015) suggest that in order to ensure a monotonic behavior of the phase-magnitude relation, the parameter values should be limited to 0 rG 1 , G 2 , 1À G 1 À G 2 r1. We will apply the suggested constrained nonlinear least-squares method (Penttilä et al., 2015) directly in the magnitude value space to estimate the H, G 1 , G 2 parameter values and their error estimates.In Section 3, we have presented results of determining the G 1 and G 2 parameters for magnitude-phase relations of 93 asteroids for which good-quality phase curves are available (see for example, Young, 1983, 1989; Harris et al., 1984 Harris et al., , 1989a Harris et al., , 1989b Harris et al., , 1992 Shevchenko et al., 1996 Shevchenko et al., , 1997 Shevchenko et al., , 2002 Shevchenko et al., , 2008 Shevchenko et al., , 2010 Shevchenko et al., , 2012 . We have obtained the average parameters for the main asteroid compositional types as it was described earlier in Shevchenko and Lupishko (1998) for the H, G magnitude system, but using the H, G 1 , G 2 system and a procedure described in Penttilä et al. (2015) . We investigated also correlations of the G 1 and G 2 parameters among themselves and with albedo and wavelength.
Observations and results
Photometric observations of the selected asteroids were carried out at the Chuguevskaya Station of the Astronomical Institute of Kharkiv National University (70-cm reflector) and at the Simeiz Department of the Crimean Astrophysical Observatory (1-m reflector) using a single-channel photoelectric photometer in 1993 and CCD-cameras ST-6, IMG-1024 , and IMG 47-10 in 1999 -2012 . Methods of the photoelectric data reduction were described by Shevchenko et al. (1992) . The CCD observation and data reduction methods are explained in Krugly et al. (2002) and Shevchenko et al. (2012) . The CCD-image data were reduced with the synthetic aperture photometry package (ASTPHOT) developed at the DLR by Mottola et al. (1995a) . The absolute calibrations of the comparison stars were performed with standard star sequences from Landolt (1992) and Skiff (2007) . The accuracy of absolute photometry is in the range of 70.01-0.02 mag.
High-quality magnitude-phase relations can be obtained only by taking into account magnitude changes due to rotation. We obtained lightcurves for each asteroid, and using long-term observations we were able to determine the rotation period for 10 out of 12 targets more precisely. For two asteroids, (717) and (1279), the lightcurve amplitude was low (0.03-0.05 mag) and their rotation periods were not determined. Our observations are presented as composite lightcurves which have been constructed according to the procedures described by Harris and Lupishko (1989) and Magnusson and Lagerkvist (1990) . The data are combined with the period shown in the figures of the composite lightcurves. Data from individual nights, denoted by different symbols in the figures, were shifted along the magnitude axis in order to obtain the best fit. The values of these shifts are displayed in the figures. The accuracy of the measured magnitudes is not worse than 0.02 mag. Aspect data of the observed asteroids are given in Table 1 . The magnitudes are given in the BVRI-bands of the standard Johnson-Cousins photometric system. Table 2 contains the results of observations: rotation periods, lightcurve amplitudes, the measured color indices B-V, V-R, and R-I, and calculated values of the H, G 1 , G 2 parameters of the magnitude-phase relation, where H is the absolute magnitude for the lightcurve primary maximum. Compositional type, albedo, and diameter, according to the references of the observed asteroids, are also presented in Table 2 . We note that the H, G 1, G 2 function gives a good fit to magnitude-phase relation for all measured asteroid types with a small dispersion from the observed data. Next, short characteristics for the observed asteroids are given.
(10) Hygiea
The asteroid is one of the largest main-belt asteroids and was classified as C-type (Tholen, 1989) with low surface albedo and diameter about 450 km (Masiero et al., 2011; Usui et al., 2011; Tedesco et al., 2002) . Photometric observations were performed by many researchers (Lagerkvist et al., 1987; Michalowski et al., 1991; López-González and Rodríguez, 2000, etc.) . A correct value of the rotational period (Р ¼27.63 h) was determined for the first time by Michalowski et al. (1991) , recent evaluations of pole coordinates and shape modeling were made by Hanuš et al. (2011) , but the detailed magnitude-phase relation including small phase angles was not previously obtained. Our photoelectric observations were Table 1 ). The composite lightcurve with the rotational period of 27.656 h is shown in Fig. 1 and the magnitude-phase relation is presented in Fig. 2 .
(176) Iduna
This low-albedo asteroid is classified as G-type (DeMeo et al., 2009; DeMeo and Carry, 2013) . The rotational period was determined by Hansen and Arentoft (1997) and Riccioli et al. (2001) . The detailed magnitude-phase relation including low phase angles was not previously obtained.
Our observations for 12 nights allowed us to determine more precisely the rotational period and to obtain the magnitude-phase relation in the BVRI-bands. The composite lightcurve with the rotation period of 11.287 h is shown in Fig. 3 and the magnitudephase relations are given in Fig. 4. 
(214) Aschera
The asteroid is classified as E-type (Tholen, 1989 ) with a highalbedo surface as it follows from the infrared data of IRAS (0.52, Tedesco et al., 2002) and AKARI (0.42, Usui et al., 2011) but the data of WISE give a moderate albedo (0.21, Masiero et al., 2011) . The magnitude-phase relation was previously obtained by Harris and Young (1983) and by Belskaya et al. (2003) for the single Vband. We measured the magnitude-phase relation in the BVRI spectral bands to investigate the opposition-effect dependence on the wavelength. Our observations covered the phase-angle range from 0.2°to 17.1°( Figs. 5 and 6). Previously, the phase curves of two other E-types (44) Nysa and (64) Angelina were obtained in the same bands by Rosenbush et al. (2005 Rosenbush et al. ( , 2009 . We plotted their data in Fig. 6 for the BRI bands and the data by Harris et al. (1989b) for Nysa in the V band using the magnitude shift to best fit our data for (214) Aschera. All data coincide within the accuracy of the observations, excluding the Nysa data in the B band at phase angles o1°which show a larger opposition surge. We confirm the conclusion by Belskaya et al. (2003) that the phase curve behavior of Aschera is typical for the E-type asteroids.
(218) Bianca
There are many available photometric data for this S-type asteroid (see for example, Warner et al., 2013) . The rotation period was determined for the first time by Harris and Young (1989) for the data obtained in the 1980 apparition. They obtained also the magnitude-phase relation in the range of phase angles from 4°t o 14°in the V band. Our observations covered the phase angle range from 0.3°to 23°and were performed in the BVRI bands. A composite lightcurve with the maximum amplitude of 0.20 mag and the period of 6.3355 h is presented in Fig. 7 . The magnitudephase relations for the BVRI bands are plotted in Fig. 8 . For Table 2 Physical parameters of observed asteroids. Masiero et al. (2011) . b Tholen (1989) . c Bus and Binzel (2002) . d Usui et al. (2011) . comparison, the previous V-band observations (Harris and Young, 1989) of the asteroid are also given in Fig. 8 . They were shifted to match our data, well coinciding with them.
(250) Bettina
This asteroid belongs to the M-types with the diameter of 120 km and albedo of 0.11 (Masiero et al., 2011) . Although many photometric observations were made (see, for example, Warner et al., 2013) , the magnitude-phase relation was not obtained. Our observations were performed in the R band for fourteen nights and covered the range of phase angles from 0.3°to 16°. The composite lightcurve is combined with a rotation period of 5.054 70.001 h (Fig. 9) . The magnitude-phase dependence typical for moderate-albedo asteroids is presented in Fig. 10 .
(419) Aurelia
This low-albedo asteroid was observed by Harris and Young (1989 ) in 1979 and 1980 . They obtained a practically linear magnitude-phase relation down to the phase angle of 0.6°. We observed (419) Aurelia in the 2001 apparition, when it was a favorable opportunity to reach smaller phase angles down to 0.1°. Our preliminary results were published by Belskaya et al. (2002) . We noted a possible opposition-effect surge close to opposition. To check the validity of the opposition surge at small phase angles, we used new standard star sequence from Landolt (1992) for standardization of the comparison stars used in our 2001 observations.
Here we present the revised observational data for magnitudephase curves in the BVRI bands. The deviation from the linear behavior at small phase angles is weaker than that reported by Belskaya et al. (2002) .
The composite lightcurve with a rotation period of 16.7757 0.005 h and an amplitude of 0.1 mag is shown in Fig. 11 . The magnitude-phase relations for the BVRI bands are presented in Fig. 12 . For comparison, the previous observations of the asteroid (Harris and Young, 1989) in the V band are also given in Fig. 12 . They were obtained at similar aspects and are in a good agreement with our data. All observations were reduced to the primary lightcurve maximum. 
(596) Scheila
Asteroid (596) Scheila is a middle size asteroid (about 115-120 km) having very dark surface with an albedo of 0.037 (Masiero et al., 2011; Tedesco et al., 2002) . It was classified as a PD-type object (Tholen, 1989) , that is a rather rare type for the main-belt asteroids but typical for the Hilda group asteroids and Jupiter Trojans. Previous photometric observations of Scheila were carried out by Warner (2006 Warner ( , 2011b in 2006. Warner determined its rotation period (15.848 h) and measured the magnitude-phase slope in the range of phase angles from 7°to 16°.
An interest to this asteroid highly increased after Larson (2010) discovered its cometary-like activity in December 2010. Several groups of observers (Bodewits et al., 2011 (Bodewits et al., , 2014 Ishiguro et al., 2011; Jewitt et al., 2011; Husárik, 2012; Yang and Hsieh, 2011) performed observations of this asteroid in 2010-2011. Obtained images showed a dust shell around the asteroid, but the spectrum in the visible and infrared range did not show cometary bands of СO, CO 2 , and/or other volatile substances. The authors assumed a collision of (596) Scheila with a small object of 20-100 m in diameter (Bodewits et al., 2014; Ishiguro et al., 2011; Jewitt et al., 2011 ). An impact could uncover the asteroid's subsurface layer of a higher albedo. Furthermore, if the asteroid is a solid body rather than a rubble pile, a seismic wave could shake the asteroid and globally change its regolith layer. These possible changes in the regolith layer may affect the phase relation of brightness of the asteroid. We carried out new observations of (596) Scheila in order to measure its magnitude-phase dependence and to check possible influence of the impact on the phase curve.
Our observations were performed for 14 nights in March-June 2012. We found that the rotational period is equal to 15.8594 70.0015 h. A composite lightcurve with this value of the rotational period is shown in Fig. 13 . The period is very close to the value obtained by Warner (2006 Warner ( , 2011b before collision. Maximal amplitude of the lightcurve is 0.08 70.02 mag which is also very close to the value obtained in Warner (2006) , though the aspects of the observations differ by 100°in the ecliptic longitude. It should be noted that Bodewits et al. (2014) and Ishiguro et al. (2011) , comparing the Scheila observations performed before and after the presumed collision, found small differences in the shape of the lightcurve produced by the collision but the rotation period did not change. Thus, the impact energy was not high enough to change the rotational parameters.
The obtained magnitude-phase relation is shown in Fig. 14. It has a linear behavior in the entire observed range of phase angles including extremely small phase angles. Such behavior is typical for Hilda asteroids and Jupiter Trojans, the majority of which belong to the P-and D-types . The linear phase coefficients are 0.045 70.001 mag/°in the V-band and 0.0447 0.001 mag/°in the R band, similar to the magnitude phase angle dependences for the P-and D-types Hildas and Trojans. The data obtained by Warner (2011b) for the R band before collision are shown by asterisks in Fig. 14. One can see that our data are well consistent with Warner's data. A similarity in brightness behavior before and after collision points out that the global regolith properties have not changed. It can be considered as supporting evidence that this asteroid is not a solid body and that the seismic wave decays fairly quickly without disrupting the global structure of the regolith layer.
(635) Vundtia
This asteroid belongs to B-type objects that are characterized by slightly blue spectral slope in the visible range and by changes from negative to positive slopes in the 0.8-2.5 μm near-infrared region (Alí-Lagoa et al., 2013). Warner (2011a) observed Vundtia in June and July 2007 and found a rotation period of 11.816 h. Our observations were performed in 2006 from March to May and allowed us to define more precisely the period that is 11.788 70.003 h but the lightcurve coverage during a full rotation 
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cycle was not obtained. The composite lightcurve with this period is presented in Fig. 15 . The magnitude-phase relations in the BVR bands are shown in Fig. 16 .
(671) Carnegia
This asteroid was classified by Bus and Binzel (2002) as Xk-type but later DeMeo and Carry (2013) associated it to the P-type asteroids. There are no published photometric observations of this asteroid. We observed Carnegia in the 2009 apparition for 13 nights and determined a rotation period of 8.331 h (Fig. 17) . The magnitude phase relations in the BVR bands are presented in Fig. 18 . The average absolute magnitude of this asteroid (taking into account the lightcurve amplitude of 0.20 mag) is 10.60 70.02 mag and it differs from those adopted in the MPC data-base by 0.4 mag.
717 Wisibada
This small low-albedo asteroid was previously observed by Piironen et al. (1994) for three nights. They reported a small amplitude of the lightcurve (0.05 mag) and impossibility to determine the rotational period. Our observations for 12 nights were also not successful to determine the rotational period due to the small lightcurve amplitude (o 0.05 mag, Fig. 19 ). Our observations were performed at the ecliptic longitudes that are different from Piironen's data by about 80°. Small amplitudes in the two apparitions at different aspects suggest that the asteroid shape is close to spherical. The magnitude-phase relations in the BVRI bands were constructed using an average brightness during each night (Fig. 20) .
(1021) Flammario
The asteroid classified as F-type by Tholen (1989) has a diameter of about 100 km and an albedo of 0.047 (Tedesco et al., 2002; Usui et al., 2011; Masiero et al., 2011) . The first estimations of a rotation period of 12.146 h were made by Schober et al. (1993) and Hainaut-Rouelle et al. (1995) . Photometric observations were also performed by other authors (see, for example, Warner et al., 2013) but no magnitude-phase relation was obtained. Our observations were carried out for eight nights from November 2004 to February 2005. They allowed us to obtain the rotation period more precisely. The composite lightcurve with the period of 12.151 70.001 h is shown in Fig. 21 .
The lightcurve has large amplitude of 0.37 mag that is atypical for low-albedo asteroids. For the magnitude-phase relation we used also data obtained by R. Buchheim (2005) at Altimira Observatory on 16 January 2005. The magnitude-phase dependence of Flammario in the V band is presented in Fig. 22. 
(1279) Uganda
This asteroid has a high-albedo surface (0.34) and a diameter of about 7 km (Masiero et al., 2011) . Xu et al. (1995) pointed out a spectral similarity of this asteroid and the high-albedo E-type asteroid (44) Nysa. Photometric observations of Uganda were performed by Binzel (1987) in 1984 for three nights. They gave an estimate for the rotation period of about 23.2 h, with the lightcurve amplitude of 0.16 mag.
Our observations were carried out in 1999 for six nights. The amplitude of the lightcurve was less than 0.05 mag (Fig. 23) . We did not determine the rotation period because of small amplitude of the lightcurve, but we found that the period determined by Binzel is inconsistent with our data. The magnitude-phase relation (Fig. 24) was constructed using the average magnitude for each night. The brightness behavior of this asteroid is very close to that of the E-type asteroid (44) Nysa (also shown in Fig. 24 ) and different from the moderate albedo S-type asteroid (79) Eurynome (also shown in Fig. 24 ). This favors the E-type classification of this asteroid.
Average parameters of the H, G 1 , G 2 magnitude system
In order to determine the parameters of the H, G 1 , G 2 magnitude system for the main asteroid types, we selected asteroid magnitude-phase dependences with a good phase angle coverage and small scatter within the observational data. The minimum phase angles were o2°(for most of the asteroids o1°) for the selected magnitude-phase dependences in our sample. We used data both obtained by the authors and available in literature. The detailed procedure of determining the H, G 1 , G 2 parameters were described in Muinonen et al. (2010) and Oszkiewicz et al. (2011) , and for determining the constrained parameters with a non-linear fit in Penttilä et al. (2015) . The values of the G 1 , G 2 parameters and the absolute magnitudes for the 93 asteroids are listed in Table 3 .
In Table 3 , we present also composition types (data taken from DeMeo et al., 2009; DeMeo and Carry, 2013; Lazzaro et al., 2004; Tholen, 1989; Xu et al., 1995) , as well as albedos and diameters of Usui et al., (2011) . Fig. 25 . Correlation of the G 1 and G 2 parameters. Fig. 26 . Relationship of the G 1 and G 2 parameters with albedo.
the asteroids (Masiero et al., 2011; Shevchenko and Tedesco, 2006; Usui et al., 2011; Tedesco et al., 2002) . The range of asteroid sizes in our dataset (excluding large asteroids with sizes more than 400 km and small asteroids with sizes less than 10 km) varies from about 200 km to 11 km with a mean size of 94 km and standard deviation of 56 km. We have investigated possible correlations of the G 1 and G 2 parameters and the albedo. A strong linear correlation (correlation coefficient of À 0.95) was found between the G 1 and G 2 parameters. A relationship of the G 1 and G 2 parameters is shown in Fig. 25 where the dashed line is the linear fit G 2 ¼0.535 (70.011) À 0.635 (70.020)G 1 . The E-and D-types are excluded from the linear fit (see Penttilä et al., 2015) . This correlation was noted by Muinonen et al. (2010) , and the larger data-set presented in this article allowed Penttilä et al. (2015) to slightly refine the relationship. The strong relationship between the G 1 and G 2 parameters is further used when simplifying the H, G 1 , G 2 phase function to the H, G 12 phase function for targets with sparse data. It should be noted, that the H, G 12 phase function for asteroids with sparse magnitude data was used by Oszkiewicz et al. (2012) . The authors explored the correlation between an asteroid's taxonomy and parameter G 12 , and concluded that this parameter cannot be used in determining taxonomic class for individual asteroids, but it can be utilized in the separation of asteroid families and different regions of the main asteroid belt.
The G 1 and G 2 parameters have a strong linear correlation with the logarithmic albedo from Table 3 (Fig. 26) with the correlation coefficients À 0.87 and 0.84, respectively. The linear regressions are of form À0.107 (7 0.048) À 0.643 ( 70.047)log(p) and 0.644 (70.035)þ0.433 ( 70.034)log(p). The clusters of low, moderate and high-albedo asteroids are well-divided in Fig. 26 .
Using the spectral classification by DeMeo and Carry (2013), we sorted our dataset into the six main compositional types: S, M, E, C, D, and P. The average values of the G 1 , G 2 parameters and the average albedos of these types are presented in Table 4 . As one can see from Table 4 , the values of the parameters for the M and S asteroids cannot be distinguished within the errors of the estimations; this is also true for the C and P types. The obtained average values can be used for the estimation of the absolute magnitude of an asteroid from a single observed magnitude when the magnitude-phase dependency is unknown and/or to calculate a visible magnitude for the ephemerides.
The data available on the magnitude-phase relation in the BVRI bands for asteroids of different types are insufficient for the investigation of a possible detailed dependence of the G 1 , G 2 parameters on the wavelength. As it was shown by Shevchenko et al. (2012) , the linear coefficients practically did not change with the wavelength for the D-type asteroids.
In Fig. 27 , we present the wavelength dependences of the reduced G 1 and G 2 parameters for three S-type asteroids (since a spectral gradient is maximal for spectra of S-asteroids), namely (6) Hebe, (29) Amphitrite, and (218) Bianca. We did not find statistically significant variations of the G 1 , G 2 parameters with the wavelength (excluding the U band), and we recommend using the values of the G 1 , G 2 parameters obtained in the V band for the BRI bands when necessary. But it is needed new observational data for more detail investigation of the G 1 , G 2 parameters with the wavelength.
Conclusions
As a result of a series of photometric observations we have obtained the magnitude-phase relations for 12 asteroids of different compositional types. This is a substantial addition to the available dataset of asteroids for which the brightness behavior has been well-measured both in the region of the opposition effect (including phase angles o1°) and in the linear part of phase curve.
We have determined the lightcurve amplitudes of the observed asteroids and obtained new or improved values of the rotation periods for some of them. New, more accurate values of the absolute magnitudes were determined and they can be used in more accurate estimation of the albedos or diameters for these asteroids.
We calculated the values of the G 1 , G 2 parameters for 93 asteroids of different compositional types in the new H, G 1 , G 2 magnitude system, and determined the average values of the G 1 , G 2 parameters for six main asteroid types: S, M, E, C, D, and P. These values can be used for the estimation of asteroid absolute magnitudes. Finally, we recommend using the V-band values of the G 1 , G 2 parameters for other bands, too.
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